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School of Physics and Astronomy

GRADUATE WRITTEN EXAMINATION
WINTER 2009  PART 2
Friday, January 16, 2009  9:00 am to 1:00 pm

Part 2 of this exam consists of 6 problems of equal weight. You will be graded on your 5
best efforts.
This is a closed-book examination. You may use a calculator. A list of some physical
constants and properties that you may require is included. Please take a moment to
review its contents before starting the examination.
Please put your assigned CODE NUMBER (not your name or student ID) in the
UPPER RIGHT-HAND CORNER of each piece of paper that you submit, along with
the relevant problem number in the UPPER LEFT-HAND CORNER.
BEGIN EACH PROBLEM ON A FRESH SHEET OF PAPER, so that no sheet
contains work for more than one problem.
USE ONLY ONE SIDE of the paper; if you require more than one sheet, be sure to
indicate, page 1, page 2, etc., under the problem number already entered on the sheet.
Once completed, all your work should be put in the manila envelope provided, IN
ORDER of the problem numbers.
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Some physi al onstants and quantities in SI
and natural units
Layout by Krister Henriksson, krister.henrikssonhelsinki.fi (rev. April 7 2003)

Constant

Physi al

Pi
Universal gravitational onstant
Standard a eleration of gravity
Standard temperature
Standard pressure
Molar volume at STP
Avogadro's onstant
Gas onstant
Boltzmann's onstant, R=NA
Speed of light in va uum
Fundamental unit of ele tri
Mass of ele tron

harge

onstants in SI units

Symbol

G
gn
T0
p0
Vm
NA
R
kB

e
me

Mass of proton

mp

Mass of neutron

mn

Universal atomi mass unit

u

Permeability of va uum

0

Permittivity of va uum
CoeÆ ient in Coulomb's law
Plan k's onstant

"0 = 1=(0 2 )
1=(4"0 )
h
~ = h=(2 )

Ele tromagneti oupling onstant
( ne stru ture onstant)
Rydberg's onstant
Stefan & Boltzmann's onstant

= e2 =(4"0 ~ )

R1 = me 2 =(2h)
 =  2 kB4 =(60~3 2 )
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Value

3:141592654
6:67259  10 11 Nm2 /kg2
9:80665 m/s2
273:15 K
1 atm = 760 Torr = 101325 Pa = 1:01325 bar
22:42420  10 3 m3 =mol
6:0221367  1023 1/mol
8:314510 J/(molK)
1:380658  10 23 J/K
= 8:617385  10 5 eV/K
2:99792458  108 m/s
1:60217733  10 19 C
9:1093897  10 31 kg
= 0:51099906 MeV/ 2
1:6726231  10 27 kg
= 938:27231 MeV/ 2
1:6749286  10 27 kg
= 939:56563 MeV/ 2
1:6605402  10 27 kg
= 931:49435 MeV/ 2
4  10 7 N/A2
= 1:256637061  10 6 N/A2
8:85418782  10 12 F/m
8:98755  109 Nm2 /C2
6:6260755  10 34 Js
= 4:1356692  10 15 eVs
1:05457266  10 34 Js
= 6:5821220  10 16 eVs
7:29735308  10 3
= 1=137:0359895
1:0973731534  107 1/m
5:67051  10 8 W/(m2 K4 )
= 3:53925  1011 eV/(m2 K4 )

1. Consider two identical particles, having spin 1/2, in a one dimensional box of
length a. They are nonrelativistic and have mass m. In the first part of the problem
they are not interacting.
a. Write down the three lowest energy eigenstates of the system which are eigenstates of total spin, including both the spatial and spin parts of the wave functions. Write the energy of each state and make an energy diagram indicating
the energies and degeneracies.
b. Now introduce a delta function interaction
V (x1 − x2 ) = λδ(x1 − x2 )

Find the resulting shifts in the energies of the states found in a) in first order
perturbation theory in λ.
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2. An extremely long uniform string of linear mass density µ under tension τ has
a small bead of mass m attached to it at x = 0 (the center of the string). A transverse
harmonic wave of form ARe(exp(ikx − iωt)) travels from one end of the string toward
p
the bead where part of it is reflected and part is transmitted. (ω = τ /µk but you
will not need to use this in this problem.) Ignore the effects of the ends of the string
far to the left and right of the origin.
a. What are the boundary conditions at the bead which constrain the amplitudes
of the incident, reflected and transmitted waves?
b. Find explicit functional forms for the steady state reflected and transmitted
waves in terms of the parameters of the incoming wave.
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3. The neutron has an average lifetime of 887s.
a. The neutron decays into a proton and two leptons. What are the leptons?
b. If neutrons from a cosmic ray interaction 2 light years from earth reach the earth
with probability of e−1 , what must their energy be (in a coordinate system at
rest with respect to the earth)?
c. If the leptons are emitted in directions perpendicular to direction of the neutron
flight path in the center of mass frame, what is the angle which the daughter
anti-neutrino makes with the flight path of the neutron in a frame of reference
fixed with respect to the earth? (You may assume that the proton is at rest in
the center of mass frame.)
d. What is the energy (in the earth’s frame) of the anti-neutrinos emitted at this
angle?
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4. A spherical particle of uniform mass density ρ and radius a falls starting
with zero velocity in an isothermal atmosphere from height L above the surface of a
planet. L is much less than the curvature of the planet surface. The acceleration due
to gravity at the surface is g . The atmospheric mass density at the planet surface is
ρ0 and the average molecular mass in the atmosphere is m. Taking bouyancy forces
but not effects of atmospheric friction into account, what is the vertical velocity
of the particle just before it hits the surface? Simplify the expression in the limits
L >> kB T /mg and L << kB T /mg . Draw a qualitative graph of the final velocity as a
function of L including the behavior in both limits.
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5. Two spherical cavities, of radii a and b, are hollowed out from the interior
of a (neutral) conducting sphere of radius R. At the center of each cavity a point
charge is placed, call these charges qa and qb and let the distance between them be
rab .
a. Find the surface charge densities σa , σb and and σR on the surfaces of the two
cavities and the outer surface of the conducting sphere.
b. What is the field outside the conductor?
c. What is the force on qa and qb ?
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6. Suppose, as was thought at one time, that neutrinos, which are spin 1/2
fermions, are massless, with energy momentum relation ǫ(~p) = |~p|c where c is the
speed of light. (Though neutrinos have spin 1/2, only one of the two possible spin
values is observed in nature.) Neutrinos have extremely weak interactions with
each other and everything else so we will neglect interactions in this model, in
which neutrinos are confined in a box of volume V at absolute temperature T .
a. Find the number density of neutrinos as a function of the parameters given T, V
and h̄, c, and kB . (There will be a dimensionless integral which you don’t have to
evaluate.)
b. Find the energy, the entropy and the Helmholtz free energy of the neutrinos
in terms of the same variables. Use the Helmholtz free energy to calculate the
pressure of the neutrinos.
c. Estimate the order of magnitude of your results for the density and pressure in
SI units, assuming that the temperature is about 3K, as in the universe.
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