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GRADUATE WRITTEN EXAMINATION, August 2009

Long Problems Best 5 of 6

1. A long molecular string is composed of N chemical units (N >> 1). Each unit can
have two states: short (length=a) and long (length =b). The short and long states
have energies 0 and ǫ respectively.

(a) Calculate the average length (< L >) of the string as a function of temperature.
Check that your answer evaluates to the expected result in the low and high
temperature limits.

(b) Calculate the fluctuations of the string’s length (RMS).

(c) This part can be completed independently of parts a) and b). If the length of
the string is fixed to be L so that the number of particles in the long state is
Nb = L−Na

b−a
,then what is the energy (E(N, L)) and entropy (S(N, L)) of the

system?

2. A pendulum of mass m and length r is attached to a support of mass m (see figure).
The support is free to move along a horizontal track. A spring, of force constant
k, attaches the support to a wall. The following relation exists among the various
quantities: 2g

r
= k

m
≡ ω2

0
. q1 is the displacement of the spring from the equilibrium

position.

(a) Write the kinetic and potential energies for this system in terms of the gener-
alized coordinates q1 and q2, where q1 is defined as above and q2 = rθ.

(b) For this part you will assume the small angle approximation. Determine the
frequencies for the normal mode oscillations in terms of ω0 by solving the
required differential equations. You can arbitrarily choose the amplitude of
the solution for one of the generalized coordinates to be unity.
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3. Show that the magnetic field near the center of a set of Helmholtz coils is uniform
to second order in the displacements from the midpoint along the line connecting
the center of the coils. Helmholtz coils are two parallel and coaxial coils of radius
R which are separated by a distance R. The current flows in the same direction in
each coil.

4. A particle of mass m traveling to the right impinges on a the potential barrier shown
in the figure. The particle has energy E (V1 < E < V0). Find the transmission
probability. To avoid laborious algebra you can express your answer as a ratio of
determinants. Make sure that all the symbols in the determinants are defined.

5. Kaons decay to two pions (K → ππ). Assume we have a thousand kaons at rest at
the center of a 10 meter (inner radius) spherical shell detector. The mean lifetime of
a pion in it’s rest frame is 25 nanoseconds. In how many of the thousand kaon decays
would you expect there to be at least one pion that reaches the detector. You will
need the rest-masses of the kaon (MK = 496MeV/c2) and pion (Mπ = 139MeV/c2)

6. A double star system is composed of two identical stars, each of mass M and sepa-
rated by a distance r.

(a) What is the gravitational potential energy and the effective radial potential
energy of the stars?

(b) Find the frequency of small radial oscillations about a circular orbit in terms
of the angular momentum.

(c) Show that the period of these radial oscillations equals the period of the circular
orbit.


